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Result overview

For every odd integer m ≥ 3, put n = 2m − 1. We give a self-contained probabilistic proof
that ordinary binary cyclic codes of dimension (n− 1)/2 can have both minimum distance
and dual distance at least (1/2− o(1))n/(m log2m). A finite-length sufficient condition is
H2(δ) + δ ≤ 1/(2m). The proof counts only low-weight words whose zeroth coordinate is one.
Shift symmetry contributes a factor δ to the count, and a first-moment estimate for random
reciprocal-factor choices completes the argument. A probability-tending-to-one version has
the same leading distance constant.

1 Finite-Length Statement

Identify Fn
2 with Rn = F2[X]/(Xn − 1) by the coefficient vector. An ordinary binary cyclic

code is an ideal of Rn. The dual is taken with respect to the usual binary dot product, and
d(A) denotes the minimum Hamming weight of a nonzero word of A. Write

H2(x) = −x log2 x− (1− x) log2(1− x), 0 < x < 1.

Theorem 1.1. Let m ≥ 3 be odd and n = 2m − 1. If 0 < δ < 1/2 and

H2(δ) + δ ≤ 1

2m
, (1)

then there is an ordinary binary cyclic code C satisfying

dimC =
n− 1

2
, C ⊂ C⊥, min{d(C), d(C⊥)} > δn. (2)

Condition (1) is sufficient; no necessity assertion is made. In particular, the distance
guarantee is the integer bound ⌊δn⌋+ 1.
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2 A First-Coordinate Counting Lemma

For f ∈ Rn, define its cyclic rank by

r(f) = dimF2(Rnf) = n− deg gcd(f,Xn − 1). (3)

For 1 ≤ r ≤ n, set

Sr = {f : r(f) = r, 0 < wt(f) ≤ δn}, S(1)
r = {f ∈ Sr : f0 = 1}.

Lemma 2.1. For 0 < δ < 1/2,
|S(1)

r | ≤ δ 22rH2(δ). (4)

Proof. The first k coordinates form an information set for every k-dimensional binary cyclic
code. Indeed, if g is its monic generator, every word has a unique expression ug with deg u < k.
Since g(0) = 1, the first k coefficients of ug determine those of u by a triangular system with
diagonal entries one.

If r(f), r(h) ≤ r, then f + h belongs to the cyclic code Rnf +Rnh, of dimension at most
2r. Hence projection onto the first ℓ = min(2r, n) coordinates is injective on the union of all
words of cyclic rank at most r.

Assume Sr ≠ ∅ and let F be uniform on Sr. This set is shift invariant, so every coordinate
has the same probability

p = Pr(Fi = 1) =
Ewt(F )

n
≤ δ.

Prefix injectivity and entropy subadditivity give

log2 |Sr| = H(F0, . . . , Fℓ−1) ≤ ℓH2(p) ≤ 2rH2(δ).

Finally, |S(1)
r | = p|Sr|, which proves (4). The empty case is immediate.

Only Sr, not S(1)
r , is asserted to be shift invariant. The argument uses no independence

among word coordinates.

3 Reciprocal Factors and One First Moment

Proof of Theorem 1.1. For a polynomial with constant term one, let P ∗(X) = XdegPP (X−1)
denote its reciprocal. Since n = 2m − 1 is odd, Xn − 1 is square-free and splits over F2m . Its
factorization over F2 has the form

Xn − 1 = (X + 1)
t∏

i=1

PiP
∗
i , Pi ̸= P ∗

i , degPi ≤ m. (5)

To check the distinct reciprocal pairing, suppose a nontrivial root α and α−1 were Frobenius
conjugate. If s > 1 is the order of α, then 2j ≡ −1 (mod s) for some j. But the order of 2
modulo s divides the odd integer m, whereas −1 has order two, a contradiction.
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Independently and uniformly choose Qi ∈ {Pi, P
∗
i } and put

g =
∏
i

Qi, D = ⟨g⟩, C = ⟨(X + 1)g⟩.

The dual generator formula yields

gD⊥ =

(
Xn − 1

g

)∗

= (X + 1)g.

Thus C = D⊥ ⊂ D, dimC = (n− 1)/2, and

min{d(C), d(C⊥)} = d(D). (6)

Fix f ̸= 0. If neither factor in some pair Pi, P
∗
i divides f , then Pr(f ∈ D) = 0. Otherwise,

let b be the number of pairs in which exactly one factor divides f . Each such pair forces one
independent choice, so Pr(f ∈ D) = 2−b. By (3), the cyclic rank is the sum of the degrees of
the irreducible factors that do not divide f . The factor X + 1 contributes at most one, and
therefore r(f) ≤ 1 +mb. In all cases,

Pr(f ∈ D) ≤ 2−(r(f)−1)/m. (7)

Count only the low-weight words with zeroth coordinate one:

Zδ(D) = |{f ∈ D : f0 = 1, wt(f) ≤ δn}|.

Any nonzero word can be shifted to such a coordinate position. Hence the exact equivalence
is

d(D) > δn ⇐⇒ Zδ(D) = 0. (8)

Let a = 1/m− 2H2(δ). If a > 0, Lemma 2.1, (7), and linearity of expectation imply

Pr{d(D) ≤ δn} ≤ EZδ(D)

≤
n∑

r=1

δ 22rH2(δ)2−(r−1)/m

≤ δ 21/m

2a − 1
. (9)

Under (1), a ≥ 2δ. Since 22δ − 1 > 2δ ln 2,

EZδ(D) ≤ δ 21/m

22δ − 1
<

21/m

2 ln 2
≤ 21/3

2 ln 2
< 1. (10)

The nonnegative integer Zδ(D) is therefore zero for at least one choice. Equations (6) and (8)
finish the proof.
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4 Asymptotic Distance and Success Probability

Corollary 4.1. As m → ∞ through odd integers, there are ordinary binary cyclic codes Cm

of length n = 2m − 1 and dimension (n− 1)/2 such that

min{d(Cm), d(C
⊥
m)} ≥

(
1

2
− o(1)

)
n

m log2m
. (11)

Proof. Let δm ∈ (0, 1/2) be the unique solution of

H2(δm) + δm =
1

2m
.

The left side is strictly increasing on (0, 1/2). Since

H2(x) + x = x log2(1/x) +O(x) (x ↓ 0),

its inverse satisfies δm = (1 + o(1))/(2m log2m). Apply Theorem 1.1.

The random choices themselves can be good with probability tending to one at the same
leading distance constant. Put

ℓ = log2m, ϵm = ℓ−1/2, H2(δ̃m) =
1− ϵm
2m

.

Then δ̃m = (1 + o(1))/(2mℓ) and a = ϵm/m. From (9),

Pr{d(D) ≤ nδ̃m} ≤ 21/mmδ̃m
(ln 2)ϵm

= O(ℓ−1/2) = o(1). (12)

This version uses (9) directly and does not require (1).

Scope of the conclusion

The equivalence (8) is exact. The first-moment condition EZδ < 1 and the scalar condition (1)
are only sufficient. The result is a probabilistic existence theorem, not a deterministic efficient
procedure for choosing a good generator. The relative distance guaranteed by (11) tends to
zero; no positive constant relative distance is proved. No orbit-size estimate, rank–weight
inequality, nested all-rate construction, self-dual lifting, or channel-capacity theorem is needed
for this proof.
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