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Result overview
We determine the inverse half-rate distance of the complete Delsarte linear programming bound over
every fixed integer alphabet. The same distance is the exact half-rate point of the optimization over
all finite positive auxiliary matrices. Weighted Krawtchouk concentration gives the lower bound,
with intersecting circles, tangent circles, and an annulus determining the nonbinary constants. A
representation-theoretic transfer and finite positive-tensor constructions give the matching upper
bound: Gram duality converts the self-dual Potts energy into auxiliary inputs with normalized
information tending to one half.

1 The Exact Half-Rate Point
The complete Delsarte program optimizes over every radial dual polynomial [1, 2]. Salmon
determined its binary half-rate point [3]. We extend this evaluation to every fixed alphabet and to a
matching finite-matrix optimization. These are exact values for the two converse optimizations; the
optimal code-rate function is a separate object.

Fix an integer 𝑞 ≥ 2, put 𝜃𝑞 = (𝑞 − 1)/𝑞, and normalize the Krawtchouk polynomials by

𝑛∑︁
𝑗=0

𝐾 𝑗 (𝑖)𝑧 𝑗 = (1 + (𝑞 − 1)𝑧)𝑛−𝑖 (1 − 𝑧)𝑖 . (1)

For 𝑣𝑖 =
(𝑛
𝑖

)
(𝑞 − 1)𝑖, define

𝐿𝑞 (𝑛, 𝑑) = max
∑︁
𝑖

𝑎𝑖,

subject to 𝑎0 = 1, 𝑎𝑖 ≥ 0,
𝑎𝑖 = 0 (0 < 𝑖 < 𝑑),∑︁
𝑖

𝑎𝑖𝐾 𝑗 (𝑖) ≥ 0 (0 ≤ 𝑗 ≤ 𝑛).

(2)

Write 𝑅𝐷,𝑞 (𝛿) = lim sup𝑛 𝑛−1 log𝑞 𝐿𝑞 (𝑛, ⌈𝛿𝑛⌉). The ordinary coding exponent satisfies 𝑅𝑞 ≤ 𝑅𝐷,𝑞.
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A finite auxiliary input consists of positive semidefinite matrices 𝐵0, . . . , 𝐵𝑞−1 of any common
finite order, with

𝑇 =
∑︁
𝑎

𝐵2
𝑎, Tr𝑇 = 1,

𝜒 =
∑︁
𝑎

S(𝐵2
𝑎) − S(𝑇), 𝑍 = Tr

(∑︁
𝑎

𝐵𝑎

)2

, (3)

𝑝 = 1 − 𝑍/𝑞, 𝑈𝑞 (𝛿) = inf
𝑩: 𝑝≤𝛿

𝜒/ln 𝑞.

Here S(𝐴) = −Tr 𝐴 ln 𝐴, also for unnormalized positive matrices. Inverses below act on supports.
A common nullspace can always be removed. Orthogonal input-independent flags make 𝑝 and 𝜒
affine.

Set

𝑐2 = 1
2 − 1

𝜋
, 𝑐3 = 4

9 −
√

3
3𝜋 , 𝑐4 = 1 − ln 2, (4)

𝑠𝑞 =
2

𝑞 − 2 +
√︁
𝑞(𝑞 − 4)

(𝑞 ≥ 5),

𝑐𝑞 =
1 − 𝑠𝑞
1 + 𝑠𝑞

©­«1
2
+ 2

∑︁
𝑗≥1

𝑠
2 𝑗
𝑞

1 + 𝑠 𝑗𝑞
ª®¬ (𝑞 ≥ 5). (5)

The sum after 𝑗 = 𝐾 is between zero and 𝑠2𝐾+2
𝑞 /(1 − 𝑠2

𝑞).

Theorem 1. For every fixed integer 𝑞 ≥ 2,

𝑅𝐷,𝑞 (𝑐𝑞) = 𝑈𝑞 (𝑐𝑞) =
1
2
. (6)

For 𝑐𝑞 < 𝛿 ≤ 𝜃𝑞, both quantities are strictly smaller than 1/2. Thus sup{𝛿 : 𝑅𝐷,𝑞 (𝛿) ≥ 1/2} = 𝑐𝑞,
and the same inverse half-rate distance holds for𝑈𝑞.

The proof establishes the complete chain 1/2 ≤ 𝑅𝐷,𝑞 (𝑐𝑞) ≤ 𝑈𝑞 (𝑐𝑞) ≤ 1/2. The first inequality
uses the full dual of (2); the second holds for each fixed finite auxiliary order; the third follows by
taking an infimum over such orders.

2 Concentration and the Complete-Dual Lower Bound
Define (K𝑛𝑔) ( 𝑗) = 𝑞−𝑛/2 ∑

𝑖 𝐾𝑖 ( 𝑗)𝑔𝑖. Weighted symmetry 𝑣𝑖𝐾 𝑗 (𝑖) = 𝑣 𝑗𝐾𝑖 ( 𝑗) and orthogonality
imply K2

𝑛 = 𝐼. If K𝑛𝑔 = 𝜖𝑔, 𝜖 = ±1, and
∑
𝑖 𝑣𝑖 |𝑔𝑖 | = 1, its polynomial 𝑃(𝑧) = ∑

𝑖 𝑣𝑖𝑔𝑖𝑧
𝑖 satisfies

𝑃(𝑧) = 𝜖𝑞−𝑛/2(1 + (𝑞 − 1)𝑧)𝑛𝑃
(

1 − 𝑧
1 + (𝑞 − 1)𝑧

)
. (7)

Also |𝑃(𝑧) | ≤ max(1, |𝑧 |𝑛).
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Lemma 2. For fixed 𝑞 and 0 < 𝑐 < 𝑐𝑞, some 𝐶, 𝛾 > 0 satisfy∑︁
𝑖<⌈𝑐𝑛⌉

𝑣𝑖 |𝑔𝑖 | ≤ 𝐶𝑒−𝛾𝑛
∑︁
𝑖

𝑣𝑖 |𝑔𝑖 | (8)

for every length and both eigenspaces of K𝑛.

Proof. The binary statement is [3, Theorem 3.4]. For 𝑞 > 2, the Möbius map in (7) sends
|𝑧 + 1/(𝑞 − 2) | = 1/(𝑞 − 2) to the unit circle. Hence 𝑛−1 ln |𝑃 | has boundary upper bounds zero on
|𝑧 | = 1 and

𝜓𝑞 (𝑧) = ln |1 + (𝑞 − 1)𝑧 | − 1
2 ln 𝑞 (9)

on the inner circle. We compute harmonic majorants 𝐻 whose smallest outer normal derivative is
𝑐𝑞. The boundary regularity details below ensure that, for every 𝑐′ < 𝑐𝑞, a fixed 𝑟 < 1 sufficiently
close to one satisfies

max
|𝑧 |=𝑟

|𝑃(𝑧) | ≤ 𝑟𝑐′𝑛. (10)

Cauchy’s formula then gives 𝑣𝑖 |𝑔𝑖 | ≤ 𝑟𝑐
′𝑛−𝑖. Choose 𝑐 < 𝑐′ < 𝑐𝑞 and sum to obtain (𝑛 + 1)𝑟 (𝑐′−𝑐)𝑛−1,

which proves (8).
Three symbols. The intersections are 𝜁 = −1/2+𝑖

√
3/2 and 𝜁 . The map𝑤 = (𝑧−𝜁)/(𝑧−𝜁) gives

wedges of openings 𝜋/3 and 2𝜋/3 on the right and left of the inner arc. On that arc, 𝑤 = 𝑢𝑒−2𝜋𝑖/3

and the data are −𝑔(𝑢), where

𝑔(𝑢) = 1
2 ln

𝑢2 + 𝑢 + 1
𝑢2 − 𝑢 + 1

, 𝑔′(𝑢) = 1 − 𝑢2

𝑢4 + 𝑢2 + 1
.

The Poisson solution after the power map 𝑤 ↦→ 𝑤𝛼 has outer normal derivative

𝛼𝑟𝛼−1(𝑟2 − 2𝜅𝑟 + 1)
√

3𝜋

∫ ∞

0

𝑔′(𝑢)
𝑢𝛼 + 𝑟𝛼 𝑑𝑢, (11)

with (𝛼, 𝜅) = (3, 1/2) or (3/2,−1/2). Partial fractions give∫ ∞

0

𝑔′(𝑢)
𝑢3 + 𝑟3 𝑑𝑢 =

2𝜋(𝑟2 + 1)
3
√

3𝑟2(𝑟4 + 𝑟2 + 1)
− 2 ln 𝑟
𝑟6 − 1

,∫ ∞

0

𝑔′(𝑢)
𝑢3/2 + 𝑘3 𝑑𝑢 = − 𝜋

𝑘6 + 1
+ 4𝜋(𝑘4 + 1)

3
√

3𝑘 (𝑘8 + 𝑘4 + 1)

+ 4𝑘3 ln 𝑘
𝑘12 − 1

, (12)

with continuous values at one. Substitute 𝑟 = 𝑒𝑥 into (11) to obtain

𝐷𝑅 (𝑥) =
4
3 cosh 𝑥 −

√
3𝑥

𝜋 sinh 𝑥
2 cosh 𝑥 + 1

,

𝐷𝐿 (𝑥) =
4
3 cosh 𝑥 −

√
3(2 cosh 𝑥+1)
4 cosh(𝑥/2) +

√
3𝑥

2𝜋 sinh 𝑥

2 cosh 𝑥 − 1
. (13)
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Since 𝑥/sinh 𝑥 ≤ 1, 𝐷𝑅 (𝑥) ≥ 𝐷𝑅 (0) = 𝑐3. For 𝑢 = cosh(𝑥/2) ≥ 1, 𝑥/sinh 𝑥 ≥ 𝑢−2, so

𝐷𝐿 (𝑥) ≥ 𝐹 (𝑢) :=
8
3𝑢

2 − 4
3 −

√
3𝑢 +

√
3

4𝑢 +
√

3
2𝜋𝑢2

4𝑢2 − 3
.

Put ℓ = 𝐹 (1) = 4/3 − 3
√

3/4 +
√

3/(2𝜋) > 𝑐3. The polynomial 𝑢2(4𝑢2 − 3) (𝐹 (𝑢) − ℓ) =∑4
𝑗=1 𝑎 𝑗 (𝑢 − 1) 𝑗 has coefficients

𝑎1 = −16/3 + 19
√

3/4 − 5
√

3/𝜋,
𝑎2 = −40/3 + 51

√
3/4 − 21

√
3/(2𝜋),

𝑎3 = −32/3 + 11
√

3 − 8
√

3/𝜋,
𝑎4 = −8/3 + 3

√
3 − 2

√
3/𝜋.

All are positive, as follows already from 3.14159 < 𝜋 < 3.14160 and 1.73205 <
√

3 < 1.73206.
At a corner use 𝐻0 = (2/3) ln |𝑧 |. On the inner arc, writing 𝑟 = |𝑧 | gives

𝜓3 − 𝐻0 = 1
2 ln((1 + 2𝑟2)/3) − 2

3 ln 𝑟 = 𝑂 ((1 − 𝑟)2).

Write 𝑤 = 𝑅𝑒−𝑖𝜋/3−𝑖𝜗 on the right and 𝑤 = 𝑅𝑒2𝑖𝜋/3+𝑖𝜗 on the left, with outer ray 𝜗 = 0 and
respective openings 𝜋/3 and 2𝜋/3. The harmonic remainder 𝐻 − 𝐻0 is bounded in both signs by
𝐶𝑅5/4 sin(5𝜗/4): this barrier dominates the 𝑂 (𝑅2) inner-ray data and the data on a fixed small
outer arc, and vanishes on the outer ray. The maximum principle proves the assertion. The exact
identities

1 − |𝑧 |2 =
2
√

3𝑅 sin 𝜗
|1 − 𝑤 |2

, |𝑧 − 𝜁 | =
√

3𝑅
|1 − 𝑤 |

then give |𝐻 − 𝐻0 | ≤ 𝐶 (1 − |𝑧 |) |𝑧 − 𝜁 |1/4. Since 2/3 > 𝑐3, these corner estimates and the compact
smooth arcs prove (10) uniformly.

Four symbols. The Cayley map 𝑤 = (1 − 𝑧)/(1 + 𝑧) = 𝑥 + 𝑖𝑦 sends the region between the
circles to 0 < 𝑥 < 1. Its harmonic majorant is

𝐻 (𝑥, 𝑦) =
∫
R

sin(𝜋𝑥) 𝑓 (𝑡)
2[cosh(𝜋(𝑦 − 𝑡)) + cos(𝜋𝑥)] 𝑑𝑡, (14)

where 𝑓 (𝑡) = 1
2 ln((1 + 𝑡2)/(4 + 𝑡2)). Fourier transformation of this Poisson kernel gives

𝐷4(𝑦) = (1 + 𝑦2)
∫ ∞

0
𝑔(𝑡) cos(𝑦𝑡) 𝑑𝑡, 𝑔(𝑡) = 𝑒−𝑡

1 + 𝑒𝑡 .

Here 𝑔′(0) = −3/4 and, with 𝑢 = 𝑒−𝑡 , 𝑔′′ − 𝑔 = 𝑢2(3 + 𝑢)/(1 + 𝑢)3 > 0. Two integrations by parts
yield

𝐷4(𝑦) = 3
4 −

∫ ∞

0
(𝑔′′ − 𝑔) cos(𝑦𝑡) 𝑑𝑡 ≥ 𝐷4(0) = 1 − ln 2.

Uniformity at the tangency 𝑧 = −1 needs both sides. Inside the inner circle, (7) gives |𝑃(𝑧) | ≤ ((1+
𝑟)/2)𝑛 on |𝑧 | = 𝑟 , whose decay coefficient tends to 1/2. On the strip side the kernel in (14), divided
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by 𝑥, is a symmetric probability kernel with uniformly bounded second moment and exponential
tails. Since 𝑓 (𝑦) = −3/(2𝑦2) +𝑂 (𝑦−4), Taylor expansion gives 𝐻 (𝑥, 𝑦) = 𝑥 [−3/(2𝑦2) +𝑂 (𝑦−4)]
uniformly for 0 < 𝑥 ≤ 1. Use 1 − 𝑟2 = 4𝑥/((1 + 𝑥)2 + 𝑦2) to get 𝐻 = −3(1 − 𝑟)/4 + 𝑜(1 − 𝑟). Both
coefficients exceed 𝑐4, completing (10).

Five or more symbols. Write 𝑠 = 𝑠𝑞, so 𝑞 = (1 + 𝑠)2/𝑠. The map 𝑤 = (𝑧 + 𝑠)/(1 + 𝑠𝑧) gives the
annulus 𝑠 < |𝑤 | < 1; the inner data become

1
2 ln 𝑠 −

∑︁
𝑗≥1

𝑠 𝑗 − 𝑠2 𝑗

𝑗
cos( 𝑗 𝑡).

Its harmonic extension has outer derivative in the original coordinate

𝐷𝑧 (𝑡) =
1 + 𝑠2 − 2𝑠 cos 𝑡

1 − 𝑠2
©­«1

2
+ 2

∑︁
𝑗≥1

𝑎 𝑗 cos( 𝑗 𝑡)ª®¬ , (15)

where 𝑎 𝑗 = 𝑠2 𝑗/(1 + 𝑠 𝑗 ) and 𝑎0 = 1/2. For 𝑢 = 𝑠 𝑗 its nonconstant Fourier numerator is

𝑏 𝑗 = (1 + 𝑠2)𝑎 𝑗 − 𝑠𝑎 𝑗−1 − 𝑠𝑎 𝑗+1

= −𝑢
2(1 − 𝑠)2(𝑠2 + 𝑠𝑢 + 𝑠 + 1)
(𝑠 + 𝑢) (1 + 𝑢) (1 + 𝑠𝑢) < 0.

Absolute convergence implies 𝐷𝑧 (𝑡) −𝐷𝑧 (0) = 2
∑
𝑗≥1 𝑏 𝑗 (cos( 𝑗 𝑡) −1)/(1− 𝑠2) ≥ 0. The minimum

𝐷𝑧 (0) equals (5). Smoothness on a common outer collar gives (10), proving the lemma. □

Proposition 3. 𝑅𝐷,𝑞 (𝑐𝑞) ≥ 1/2 for every fixed 𝑞.

Proof. The full LP dual minimizes 𝐹 (0) over 𝐹 (𝑖) =
∑𝑛
𝑗=0 𝑏 𝑗𝐾 𝑗 (𝑖) with 𝑏0 = 1, 𝑏 𝑗 ≥ 0, and

𝐹 (𝑖) ≤ 0 for 𝑖 ≥ 𝑑. If 𝐹 (0) < 𝑞𝑛/2, let 𝑓𝑖 = 𝐹 (𝑖) and 𝑔 = 𝑓 − K𝑛 𝑓 . Orthogonality gives
K𝑛 𝑓 = 𝑞

𝑛/2𝑏, so

K𝑛𝑔 = −𝑔, 𝑔0 < 0, 𝑔𝑖 ≤ 0 (𝑖 ≥ 𝑑),∑︁
𝑖

𝑣𝑖𝑔𝑖 = −𝑞𝑛/2𝑔0 > 0.

Thus more than half of its weighted absolute mass lies below 𝑑. Lemma 2 rules this out for 𝑑 = ⌈𝑐𝑛⌉,
𝑐 < 𝑐𝑞, and sufficiently large 𝑛. Strong duality yields 𝐿𝑞 (𝑛, ⌈𝑐𝑛⌉) ≥ 𝑞𝑛/2.

The complete program also obeys

𝐿𝑞 (𝑁 − 𝑘, 𝑑) ≥ 𝑞−𝑘𝐿𝑞 (𝑁, 𝑑). (16)

Indeed 𝑓 (𝑥) = 𝑎 |𝑥 |/𝑣 |𝑥 | on (Z/𝑞Z)𝑁 is nonnegative, Fourier positive, and zero at forbidden weights.
Restriction to the last 𝑘 coordinates zero gives ℎ̂(𝜉) = 𝑞−𝑘 ∑𝜂 𝑓̂ (𝜉, 𝜂) ≥ 0 and mass at least 𝑞−𝑘 𝑓̂ (0).
Radial averaging preserves feasibility and this mass. Take 𝑛𝑁 = ⌊𝑐𝑁/𝑐𝑞⌋, use ⌈𝑐𝑞𝑛𝑁⌉ ≤ ⌈𝑐𝑁⌉, and
obtain 𝑅𝐷,𝑞 (𝑐𝑞) ≥ 1 − 𝑐𝑞/(2𝑐). Let 𝑐 ↑ 𝑐𝑞. □
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3 A Finite-Matrix Transfer to the Full Program
Proposition 4. For 0 < 𝛿 < 𝜃𝑞, every fixed finite input with 𝑝 < 𝛿 satisfies 𝑅𝐷,𝑞 (𝛿) ≤ 𝜒/ln 𝑞.
Consequently 𝑅𝐷,𝑞 (𝛿) ≤ 𝑈𝑞 (𝛿).

Proof. Put 𝐾𝑎 = 𝐵2
𝑎 and let 𝑚 be their fixed common order. On H𝑛 = ℓ

2((Z/𝑞Z)𝑛) ⊗ (C𝑚)⊗𝑛, use
word translations and simultaneous coordinate permutations, namely the group 𝐺 = (Z/𝑞Z)𝑛 ⋊ 𝑆𝑛.
In the word Fourier basis set

𝐴 = (
⊕
𝑎

𝐾𝑎)⊗𝑛, 𝑋 =
√
𝐴, Γ =

𝑍 − 1
𝑞 − 1

.

Both operators commute with 𝐺. The Schur multiplier

Θ(𝑌 )𝑥𝑦 = 𝑡𝑛 (𝑥, 𝑦)𝑌𝑥𝑦, 𝑡𝑛 (𝑥, 𝑦) = 1 − 𝑞𝑑H(𝑥, 𝑦)
(𝑞 − 1)𝑛

is completely positive, self-adjoint, and Hilbert–Schmidt contractive. In Fourier coordinates it
averages conjugations by the nonzero frequency shifts in one coordinate. Therefore

Tr 𝑋2 = 1, Tr[𝑋Θ(𝑋)] = Γ. (17)

We give both required representation compressions. The global types are 𝑞-tuples of partitions
𝜆(𝑎) with at most𝑚 rows, total size 𝑛, and 𝑛𝑎 = |𝜆(𝑎) |. Their irreducible dimensions and multiplicities
are

𝑑𝜆 =
𝑛!∏
𝑎 𝑛𝑎!

∏
𝑎

𝑓 𝜆
(𝑎)
, 𝑀𝜆 =

∏
𝑎

dim𝑊
(𝑚)
𝜆 (𝑎)

.

Here 𝑓 𝜈 is a Specht-module dimension,𝑊 (𝑚)
𝜈 is the corresponding Schur module, and 𝑠𝜈 below is

its Schur polynomial. We use 𝐻 and 𝐷 for Shannon entropy and classical relative entropy. The
multiplicities and number of types are polynomial in 𝑛. If 𝑘 concatenates the eigenvalues of the 𝐾𝑎
and 𝛽𝜆 concatenates the normalized partition rows, their central projections satisfy

Tr(𝐴𝑧𝜆) = 𝑑𝜆
∏
𝑎

𝑠𝜆 (𝑎) (𝐾𝑎) ≤ (𝑛 + 1)𝑂𝑞,𝑚 (1)𝑒−𝑛𝐷 (𝛽𝜆∥𝑘) . (18)

For completeness the estimates behind (18) are

𝑓 𝜈 =
𝑁!

∏
𝑖< 𝑗 (𝜈𝑖 − 𝜈 𝑗 + 𝑗 − 𝑖)∏
𝑖 (𝜈𝑖 + 𝑚 − 𝑖)! ,

ln 𝑓 𝜈 = 𝑁𝐻 (𝜈/𝑁) +𝑂𝑚 (ln(𝑁 + 1)),
dim𝑊

(𝑚)
𝜈 ≤ (𝑁 + 𝑚)𝑚(𝑚−1)/2,

𝑠𝜈 (𝑘1, . . . , 𝑘𝑚) ≤ dim𝑊
(𝑚)
𝜈

∏
𝑖

𝑘
𝜈𝑖
𝑖
.

These follow from the hook and Weyl formulas and highest-weight domination, and are uniform
at zero rows and eigenvalues by restriction to spectral support; this is the spectrum-estimation
argument of [4].
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Retain the global window ∥𝛽𝜆 − 𝑘 ∥1 ≤ 𝑛−1/4, with projection 𝑧. Pinsker’s inequality and entropy
continuity give

Tr 𝐴(𝐼 − 𝑧) = 𝑜(1), rank 𝑧 ≤ 𝑒𝑛
∑

𝑎 S(𝐾𝑎)+𝑜(𝑛) . (19)
In each word fiber retain the central 𝑆𝑛 types within 𝑛−1/4 of spec(𝑇), with projection 𝑞𝑛. The same
estimates give

Tr𝑇⊗𝑛 (𝐼 − 𝑞𝑛) = 𝑜(1), 𝑓 𝜇 ≥ 𝑒𝑛S(𝑇)−𝑜(𝑛) (20)
for every retained type. Since 𝐴𝑥𝑥 = 𝑞−𝑛𝑇⊗𝑛 and 𝑧 is central, 𝑃 = 𝑧(𝐼 ⊗ 𝑞𝑛) is a projection and
∥𝑋 − 𝑃𝑋𝑃∥2 ≤ 2

√︁
Tr 𝐴(𝐼 − 𝑃) = 𝑜(1).

On the group commutant supported by 𝑃, the positive self-adjoint map 𝑌 ↦→ 𝑃Θ(𝑌 )𝑃 has a
positive eigenoperator 𝜌 ≠ 0 at its largest eigenvalue Λ ≥ Γ − 𝑜(1). To see positivity, replacing a
Hermitian Rayleigh maximizer by its absolute value preserves or increases the quadratic form of a
positive map. Moreover,

Θ(𝜌) − Λ𝜌 ⪰ 0. (21)
Indeed Θ preserves the word-diagonal fiber support, and Θ(𝜌) commutes with 𝐺, so its blocks
between 𝑧 and 𝐼 − 𝑧 vanish. The complementary diagonal block is positive.

Translation invariance gives a common diagonal block 𝐵 = 𝜌𝑥𝑥 . Its nonzero image is an 𝑆𝑛
submodule in the fiber window. With 𝑟 = rank 𝐵 and 𝐷 = rank 𝜌, (19)–(20) imply

𝐷/𝑟 ≤ 𝑒𝑛𝜒+𝑜(𝑛) . (22)

Conjugate by the block diagonal matrix with blocks 𝐵−1/2 to get 𝐹 ⪰ 0 of rank 𝐷, with 𝐹𝑥𝑥 a
projection of rank 𝑟. Positivity ensures that a null vector of a diagonal block annihilates its entire
block row, so this normalization loses no rank.

The scalar kernel 𝐾 (𝑥, 𝑦) = Tr(𝐹𝑥𝑦𝐹𝑦𝑥) ≥ 0 satisfies

𝐾 ⪰ 0, (𝑡𝑛 − Λ) ◦ 𝐾 ⪰ 0.

For positive block kernels 𝐴𝑥𝑦 = 𝑉∗
𝑥𝑉𝑦 and 𝐵𝑥𝑦 = 𝑊∗

𝑥𝑊𝑦, the matrix Tr(𝐴𝑥𝑦𝐵𝑦𝑥) is the Gram matrix
of 𝑉𝑥𝑊∗

𝑥 , proving these implications. For 𝑁 = 𝑞𝑛,

𝑘0 = 𝑁−2
∑︁
𝑥,𝑦

𝐾 (𝑥, 𝑦) = 𝑁−2 Tr 𝐹2 ≥ 𝑟2/𝐷.

The constant vector is an eigenvector by translation invariance, whence 𝐾 − 𝑘011∗ ⪰ 0. Set 𝑑 = ⌈𝛿𝑛⌉,
𝑠𝑛 = 1 − 𝑞𝑑/((𝑞 − 1)𝑛), and 𝐿 = (𝑡𝑛 − 𝑠𝑛) ◦ 𝐾 . Then

𝐿 − (Λ − 𝑠𝑛)𝑘011∗ ⪰ 0.

For any feasible distribution of (2), 𝑌𝑥𝑦 = 𝑎 |𝑦−𝑥 |/𝑣 |𝑦−𝑥 | is nonnegative and positive semidefinite,
since its Fourier eigenvalue at weight 𝑗 is 𝑣−1

𝑗

∑
𝑖 𝑎𝑖𝐾 𝑗 (𝑖) ≥ 0. It has unit diagonal and vanishes at

forbidden distances. Thus, for 𝑀 =
∑
𝑖 𝑎𝑖,

(Λ − 𝑠𝑛)𝑘0𝑁𝑀 ≤ ⟨𝐿,𝑌⟩ ≤ 𝑁 (1 − 𝑠𝑛)𝑟.

The right inequality uses 𝐿𝑥𝑦 ≤ 0 on allowed off-diagonal distances. Since 𝑝 < 𝛿, the denominator
below is bounded away from zero, giving

𝐿𝑞 (𝑛, 𝑑) ≤
1 − 𝑠𝑛
Λ − 𝑠𝑛

𝐷

𝑟
≤ 𝑒𝑛𝜒+𝑜(𝑛) . (23)
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This proves the strict-error assertion. If 𝑝 = 𝛿 > 0, a noiseless flag of weight 𝛼 gives error (1 − 𝛼)𝑝
and information (1 − 𝛼)𝜒 + 𝛼 ln 𝑞. Apply the result at each fixed 𝛼 > 0, then let 𝛼 ↓ 0 and take the
infimum over finite inputs. □

4 Matching Positive Matrices
Let

𝑄 = 𝑞
∑︁
𝑎

Tr[(𝐵𝑎𝑇−1/2𝐵𝑎)2],

𝐹 = 𝑞 |+⟩⟨+| − 𝐼, 𝐽 = 𝑞
∑︁
𝑎

|𝑎𝑎⟩⟨𝑎𝑎 | − 𝐼, (24)

𝐻𝑁 =

𝑁∑︁
𝑖=1

𝐹𝑖 +
𝑁−1∑︁
𝑖=1

𝐽𝑖,𝑖+1, 𝑒𝑞 = lim
𝑁
𝜆max(𝐻𝑁 )/𝑁,

where |+⟩ = 𝑞−1/2 ∑
𝑎 |𝑎⟩. One bounded interaction joins two open chains, so the limit exists and

equals the periodic-chain limit.

Lemma 5. Over all finite positive inputs,

sup(𝑍 +𝑄) = 𝑒𝑞 + 2. (25)

Proof. Set 𝐿𝑎 = 𝐵𝑎𝑇−1/2. Then
∑
𝑎 𝐿

∗
𝑎𝐿𝑎 = 𝐼 and

∑
𝑎 𝐿𝑎𝑇𝐿

∗
𝑎 = 𝑇 . The consistent stationary matrix

states [5]
𝜌𝑎1···𝑎𝑁 ,𝑏1···𝑏𝑁 = Tr(𝐿𝑎𝑁 · · · 𝐿𝑎1𝑇𝐿

∗
𝑏1
· · · 𝐿∗𝑏𝑁 )

satisfy ⟨𝐹⟩ = 𝑍 − 1 and ⟨𝐽⟩ = 𝑄 − 1. Their energy is at most 𝑒𝑞, proving 𝑍 +𝑄 ≤ 𝑒𝑞 + 2.
We prove attainability by finite matrices, including the two local-observable limits. Start with

the periodic product state |+⟩⊗𝑁 . A symmetric finite imaginary-time product for 𝑒𝛽𝐻𝑁 gives real
positive semidefinite tensors 𝐶𝑎: a one-site factor 𝑒ℎ𝐹 forms nonnegative linear combinations of
the tensors; a neighbor factor has positive definite matrix 𝑔𝑎𝑏 = 𝑒ℎ(𝑞𝛿𝑎𝑏−1) , with real Gram vectors
𝑣𝑎, and acts by 𝐶𝑎 ↦→ 𝐶𝑎 ⊗ 𝑣𝑎𝑣∗𝑎. The periodic amplitude Tr(𝐶𝑎1 · · ·𝐶𝑎𝑁 ) is thereby multiplied by∏
𝑖 𝑔𝑎𝑖𝑎𝑖+1 . Every finite grid has a finite tensor order independent of 𝑁 .
The positive self-adjoint transfer map admits a positive Perron matrix 𝐻 ≠ 0 with

∑
𝑎 𝐶𝑎𝐻𝐶𝑎 =

𝜆𝐻 and Tr𝐻2 = 1. Its kernel is invariant under each 𝐶𝑎. On its support,

𝐵𝑎 = 𝜆
−1/2𝐻1/2𝐶𝑎𝐻

1/2,
∑︁
𝑎

𝐵2
𝑎 = 𝐻

2, (26)

so these tensors yield a finite input.
The normalized state 𝑒𝛽𝐻𝑁 |+⟩⊗𝑁 has energy at least 𝜆max(𝐻𝑁 ) − 𝑁 ln 𝑞/(2𝛽). Indeed the

nonnegative maximal eigenvector has squared overlap at least 𝑞−𝑁 with the uniform vector; convexity
of the logarithmic moment-generating function gives this inequality.

To pass to finite tensors uniformly in the chain length, fix 𝛽. Let 𝜇 be the law on [0, 2𝛽] of a
uniform-initial-color path whose nonzero cyclic increments each have rate one. The spatial transfer
kernel is

𝑘 (𝜔, 𝜂) = exp
∫ 2𝛽

0
(𝑞1𝜔(𝑡)=𝜂(𝑡) − 1) 𝑑𝑡. (27)
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It is symmetric, positive semidefinite by the Schur-product expansion, and satisfies 0 < 𝑎 ≤ 𝑘 ≤
𝑏 < ∞. Its Hilbert–Schmidt operator has a simple isolated Perron eigenvalue 𝜆 and normalized
positive eigenfunction 𝜙. The integral equation

𝜙(𝜉) = 𝜆−1
∫

𝑘 (𝜉, 𝜂)𝜙(𝜂) 𝑑𝜇(𝜂) (28)

defines a bounded version on every path, with sup 𝜙/inf 𝜙 ≤ 𝑏/𝑎; the associated uniformly positive
Markov kernel gives a spectral gap.

The diagonal insertion is multiplication by 𝑞1𝜔(𝛽)=𝜂(𝛽) − 1. For a transverse increment 𝑐 ≠ 0, let
R𝑐𝜔 add 𝑐 after the midpoint. Its expectation is

𝜆−2
∫
𝜙(𝜂)𝑘 (𝜂,R𝑐𝜔)𝑘 (R𝑐𝜔, 𝜁)𝜙(𝜁)

𝑑𝜇(𝜂)𝑑𝜇(𝜔)𝑑𝜇(𝜁) =
∫

𝜙(R𝑐𝜔)2𝑑𝜇(𝜔). (29)

The two neighbor integrals reduce by (28); no change of the driving measure is used.
Midpoint grids approximate both ordinary and forced kernels in Hilbert–Schmidt norm: their

integration error is bounded by the mesh size times the number of jumps, which has finite second
moment. The uniform kernel bounds and isolated Perron eigenvalue give convergence of the
eigenfunctions in 𝐿2 and, using (28), of both insertions in (29). The same finite tensors therefore
approach both local expectations. Taking first the spatial limit and then the grid limit yields finite
inputs with energy approaching 𝐸𝛽 ≥ 𝑒𝑞 − ln 𝑞/(2𝛽). Finally let 𝛽 → ∞. This proves (25) with
finite matrix order at every approximation stage. □

Lemma 6. There are finite inputs with 𝜒 = (ln 𝑞)/2 and 𝑝 ↓ 1 − (𝑒𝑞 + 2)/(2𝑞) along an
approximating sequence.

Proof. Vertically concatenate the roots into 𝑌 and set

𝜌𝑥 = 𝑈
𝑥𝑌𝑌 ∗𝑈−𝑥 ,

𝑈 = diag(𝐼, 𝜔𝐼, . . . , 𝜔𝑞−1𝐼), 𝜔 = 𝑒2𝜋𝑖/𝑞 .

Each 𝜌𝑥 has nonzero spectrum spec(𝑇) and their average is
⊕

𝑎 𝐵
2
𝑎. The Gram-dual roots

𝐵∨
𝑥 = 𝑞−1/2√𝜌𝑥 consequently obey

𝜒(𝑩∨) = ln 𝑞 − 𝜒(𝑩), 𝑍 (𝑩∨) = 𝑄(𝑩). (30)

The first identity follows from entropy of scaled direct sums. For the second use
√
𝑌𝑌 ∗ = 𝑌𝑇−1/2𝑌 ∗;

cyclic summation keeps only the diagonal blocks 𝐵𝑎𝑇−1/2𝐵𝑎. An equal flag between the two inputs
has information (ln 𝑞)/2 and error 1 − (𝑍 +𝑄)/(2𝑞). Apply Lemma 5 and choose a sequence with
increasing 𝑍 +𝑄. □

5 Evaluation of the Energy and Completion
For 𝑞 = 2, the critical Ising dispersion gives 𝑒2 = (2𝜋)−1

∫ 𝜋

−𝜋
√

2 + 2 cos 𝑡 𝑑𝑡 = 4/𝜋. For 𝑞 = 3, the
clock operators obey 𝐹 = 𝑋 + 𝑋∗ and 𝐽 = 𝑍 ⊗ 𝑍∗ + 𝑍∗ ⊗ 𝑍 . Thus our Hamiltonian is the negative
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of the 𝐽 = 𝑓 = 1 Hamiltonian in [6, Sec. 2.1 and text after Eq. (32)], whose exact ground-state
energy gives

𝑒3 =
4
3
+ 2

√
3
𝜋
, 1 − 𝑒3 + 2

6
= 𝑐3. (31)

Changing the boundary condition alters one interaction of bounded norm, so the limiting energies
remain unchanged.

For 𝑞 ≥ 4 we make the anisotropic limit explicit. Take classical horizontal coupling 𝑘 > 0,
𝑣1 = 𝑒𝑘 − 1, and vertical coupling 𝑒𝐾2 − 1 = 𝑣2 = 𝑞/𝑣1 on the self-dual curve. The symmetric
open-width-𝑁 row transfer matrix satisfies

T𝑁 (𝑘)/𝑣𝑁2 = 𝑒ℎB𝑁 /2𝑒ℎA𝑁 𝑒ℎB𝑁 /2, ℎ = 𝑘/𝑞,

where A𝑁 =
∑
𝑖 (𝐹𝑖 + 𝐼) and B𝑁 =

∑
𝑖 (𝐽𝑖,𝑖+1 + 𝐼). This follows from the normalized vertical factor

𝐼 + (𝑣1/𝑞)11∗ = 𝑒𝑘 |+⟩⟨+|. If Λ𝑁 (𝑘) is the largest transfer eigenvalue and P𝑞 (𝑘) = − 𝑓𝑏,𝑞 (𝑘) − ln 𝑣2
is the bulk pressure after normalization, cutting horizontal edges between width-𝑁 strips gives

0 ≤ P𝑞 (𝑘) −
lnΛ𝑁 (𝑘) − 𝑁 ln 𝑣2

𝑁
≤ 𝑘/𝑁.

At fixed 𝑁 , differentiation at zero gives (𝜆max(𝐻𝑁 ) + 2𝑁 − 1)/𝑁 after division by 𝑘/𝑞. The error is
at most 𝑞/𝑁 uniformly in 𝑘 , so

𝑒𝑞 + 2 = 𝑞 lim
𝑘↓0

P𝑞 (𝑘)/𝑘. (32)

For 𝑞 > 4, put 𝑠 = 𝑠𝑞 and 𝑡 = 𝑠(𝑠 + 𝑒𝑘 )/(1+ 𝑠𝑒𝑘 ). The self-dual bulk free energy [7, Eq. (3.29)]
reads

𝑓𝑏,𝑞 (𝑘) = −𝑘 − 𝐾2 − ln(1 + 𝑠) +
∑︁
𝑗≥1

𝑠 𝑗 (1 − 𝑠 𝑗 ) (𝑡 𝑗 + 𝑠 𝑗 𝑡− 𝑗 )
𝑗 (1 + 𝑠 𝑗 ) . (33)

The series and first derivative converge uniformly near zero. At zero 𝑡 = 𝑠, 𝑡′ = 𝑠(1 − 𝑠)/(1 + 𝑠),
and (𝐾2 − ln 𝑣2)′ = 1/𝑞. Differentiate (33) and simplify to get

𝑒𝑞 + 2 = 𝑞 + 1 + 𝑞1 − 𝑠
1 + 𝑠

∑︁
𝑗≥1

𝑠 𝑗 (1 − 𝑠 𝑗 )2

1 + 𝑠 𝑗

=
√︁
𝑞(𝑞 − 4) ©­«1 + 4

∑︁
𝑗≥1

𝑠 𝑗

1 + 𝑠 𝑗
ª®¬ = 2𝑞(1 − 𝑐𝑞). (34)

The last equality uses 𝑞 = (1 + 𝑠)2/𝑠 and 𝑠2 𝑗/(1 + 𝑠 𝑗 ) = 𝑠 𝑗 − 𝑠 𝑗/(1 + 𝑠 𝑗 ).
For 𝑞 = 4, first take the classical cluster parameter 𝑄 ↓ 4 at fixed 𝑘 . In the random-cluster

expansion along 𝑣2 = 𝑄/𝑣1, a configuration changes by (𝑄/4)𝑟 , where 𝑟 is its cluster count plus its
open vertical-edge count, at most twice the number of sites up to boundary terms. This bounds the
change of bulk pressure and proves continuity. Let 𝑠 = 𝑒−𝜀 in (33); then ln 𝑡/ln 𝑠 → 𝜈 = 2/(1 + 𝑒𝑘 )
and the sum converges to

𝐼 (𝜈) =
∫ ∞

0

𝑒−𝑥 (1 − 𝑒−𝑥) (𝑒−𝜈𝑥 + 𝑒−(1−𝜈)𝑥)
𝑥(1 + 𝑒−𝑥) 𝑑𝑥.
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The integrand and its 𝜈 derivative have integrable common bounds near 𝜈 = 1. Therefore

P4(𝑘) = 𝑘 + ln(1 + (𝑒𝑘 − 1)/4) + ln 2 − 𝐼 (𝜈),

𝐼 (1) = ln 2, 𝐼′(1) =
∫ 1

0

(1 − 𝑢)2

1 + 𝑢 𝑑𝑢 = 4 ln 2 − 5
2 .

Since 𝜈′(0) = −1/2, (32) gives 𝑒4 + 2 = 8 ln 2 = 8(1 − 𝑐4).

Proof of Theorem 1. The energy calculations and Lemma 6 give finite inputs of normalized in-
formation 1/2 and errors tending to 𝑐𝑞 from above. A noiseless flag of weight tending to zero
reduces the error to 𝑐𝑞, proving 𝑈𝑞 (𝑐𝑞) ≤ 1/2. Propositions 3 and 4 complete (6). The pairs
(𝑝, 𝜒/ln 𝑞) = (0, 1) and (𝜃𝑞, 0) are realized by noiseless and input-independent inputs. Flagging
them with the approximating half-rate inputs gives

𝑅𝑞 (𝛿) ≤ 𝑅𝐷,𝑞 (𝛿) ≤ 𝑈𝑞 (𝛿),

𝑈𝑞 (𝛿) ≤
{

1 − 𝛿/(2𝑐𝑞), 0 ≤ 𝛿 ≤ 𝑐𝑞,
(𝜃𝑞 − 𝛿)/(2(𝜃𝑞 − 𝑐𝑞)), 𝑐𝑞 ≤ 𝛿 ≤ 𝜃𝑞 .

(35)

Thus both optimized quantities are below one half beyond 𝑐𝑞 and, by monotonicity, at least one
half below it. Every auxiliary input and flag was fixed before the ordinary code-length limit; only
afterward was the infimum over finite orders taken. □
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